The author has computed the class groups of all complex quadratic number fields Q(\f^~D) °f discriminant -D for 0 < D < 4000000. In so doing, it was found that the first occurrences of rank three in the 3-Sylow subgroup are D = 3321607 = prime, class group C(3) x C(3) x C(9.7) (C(n) a cyclic group of order n), and D = 3640387 = 421.8647, class group C(3) X C(3) X C(9.2). The author has also found polynomials representing discriminants of 3-rank > 2, and has found 3-rank 3 for D -6562327 = 367.17881, 8124503, 10676983, 193816927, all 
method of computation is outlined in Appendix A; the results are listed and discussed in Appendix B.
In the process of computation, we found that D -3321607 = prime has class group C(3) x C(3) x C(9.7), and D = 3640387 = 421.8647 has class group C(3) x C(3) x C(9.2). These are the smallest D for which the class group has p-rank greater than two, for p > 3. That an infinity of discriminants with 3-rank 3 exists has been proved by Craig [1] , and numerous examples were given by Shanks and his collaborators [2] - [5] , the smallest D being 63199139.
We developed a method for obtaining quartic polynomials representing, for all squarefree negative integer values within certain bounds, discriminants with 3-rank > 2. With this method, we found six more discriminants with 3-rank 3. The method and these immediate results are detailed in Section 1.
Subsequent to our investigation, we learned that Diaz y Diaz [6] , [6a] had made, by an entirely different method, an extensive search for discriminants with 3-rank > 3, and had found, in addition to our five smallest D, ninety-four others smaller than 63199139. We feel, however, that our computation is the first complete verification of the fact that 3321607 and 3640387 are the smallest D with 3-rank 3.
In Section 2, we investigate an identical relation between forms obtained by the method of Section 1, and obtain a connection between the group composition of forms of discriminant -D and the group law of the elliptic curve Y2 = 4X3 -D. Finally, in Section 3, we consider problems and conjectures of our method.
All of the computations were made on the IBM 370/158 computer at the University of Illinois at Chicago Circle, Chicago, Illinois; we thank the University for making the computer facilities available.
1. Let D be a positive squarefree integer. The solutions in integers of the Diophantine equation (1) 4a3=b2+c2D, 0<a<s/D/T,0<b,(b,c)<2, correspond to ideals û = (a, {b + cyf^D)/2) in the ring of integers of Q(s/^D) whose cube is principal: a3 = ((b + c\J^D)¡2) [4] . More simply, if (a, b)= 1, there is a quadratic form (a, b, a2) of discriminant -c2D whose cube is principal:
(a, b, a2)2 ~ (a2, b, a) ~ (a, -b, a2) ~ (a, b, a2)'1.
Let us assume c = 1 in (1), and drop the restriction on the size of a, and call this Eq. (la). We seek to produce discriminants -D with a large 3-rank in the class group by obtaining parametric representations If we insist that the linear term on the right divides the linear term on the left, that is,
for K an integer, we obtain the equations:
ax = rX/SXe, -c2) + (2¡K)(d2(2c2 + c,) + dl(2cl + c2)),
and two other sets of equations from the latter two of Eqs. (3) . Considering the last equation in each set, we get, by the theory of automorphs of the form (1,1, 1), that cx + c2 + c3 = 0. Using this, we can reduce the relations among the coefficients to the following: Thus, if we assume bv b2, b3, dv d2, d3, K, u, and v satisfy the first three of Eqs. (5), we obtain, except in certain special cases, six distinct polynomials A(x) for each solution («, v, -u -v), corresponding to the two 3-cycles of the solution. (If K = 6w2 we have u = v, and if K = 2«2, we have u = -v. In the former instance only one cycle results; in the latter, only one cycle up to a change of sign, which, as we shall note, does not affect the polynomials obtained.) It appears to be the case, though we
have not yet proved it, that exactly one of the two 3-cycles yields integers a¡, while the other yields only rational solutions in general. In the special cases, the a¡ appear to be integral. Since the triple (cx, c2, c3) is determined only up to a sign change, we choose as a convention that the largest of the \c¡\ should be chosen negative, noting that A(Cj, c2, c3, x) = A(-Cj, -c2, -c3, -x).
We show now that only the first two of Eqs. (5) are independent; for all K such that the first two equations are solvable, 2K = u2 + 3v2 has integer solutions « and v. The first equation can be partly rewritten (b1 + ¿2X*, -b2) = (di -d2)((2d2 + dx)2 + 3d2).
Dividing by 4(d1 -d2), we obtain
The left-hand side is thus the norm of an integer in Q(y/-3). The only reason, then,
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use that 2K = u2 + 3v2 might not be solvable would be that p\(K/2) and p\((bx + b2)/2), for p a prime which is = 2 modulo 3. But then we must have p\dx and p\(2d2 + d^); there are no primitive representations p2 = u2 + 3v2 for such p. That p\(K¡2) and ((¿>j + b2)/2), however, implies that p\bx and p\b2, so that p2\-D = b\ -Ad\. Thus, if D is squarefree, 2K = u2 + 3v2 has integer solutions u and v.
We now have a list of discriminants A(x), and we establish conditions for independence of the forms. If (Q, P, Q2) and (S, R, S2) lie in the same or in inverse classes, then we can find integers a, b, c, d, such that ad -be = + 1 and that From (128, -2251), (202, 5445), (2374, 231333), K = 104, with (c1; c2, c3) = (6, 2, -8) (which has nonintegral a¡), we find that A(169) = -503450951 = -prime has class group C(3) x C(3) x C(27.103).
We now take the constant in A{x) to be -6562327, and choose (118, 99), (248, 7379), (418, 16899), for which K = 56. If we let (cv c2, c3) = (2, -6, 4), A(7) = -8124503 = -prime has class group C(3) x C(3) x C(9.29); if we let (c,, c2, c3) = (A, 2, -6), we find that A(7) = -10676983 = -prime has class group C(3) x ¿(3) x C(3.5.7).
2. The group law on an elliptic curve may be described simply by saying that collinear points sum to zero. That is, if the three (counting multiplicities) points of intersection of the curve with a straight line arePl,P2, andP3, thenPx + P2 + P3 = 0.
The composition of binary quadratic forms is considerably more complicated, in part because the elements of the group are not the forms themselves, but the classes of forms equivalent under the transformations of the modular group. One algorithm for composition is as follows:
To We assume that dv bv d2, b2, and K are integers, and let Fx = (d1, blt d\) and F2 = (d2, b2, d\) be the corresponding forms. We note, as symmetric functions of the roots, that (6) K2IA = dl + d2 + d3 and L2 + D = Adxd2dy
By the first of these, K is even if and only if d3 (and hence b3) is integral. In this case, we have a third form F3 -(d3, b3, d3).
If K is odd, then d3 = r/4 and b3 = m/4, for t and w odd integers. We notice 4r3 = (2m)2 + 64Z); barring the restriction on the size of a, we have a solution of (1). The ideal which we obtain is a = (r, u + Ay/-D). Dividing (1) by 4, we notice that t = 1 (mod 8), and we rewrite the basis of a as follows:
where r can be any integer. We choose r to be an odd integer such that tt(u -Ar). Then the norm of U is ts, where s is prime to t, and / is the norm of a. Since t is odd, we can choose as basis t and U/2: a = (t, £//2). We note that since t = 1 (mod 8), and r is assumed odd, U is odd, and (U + y/-D)/2 is an integer in Q(yf^D). By the correspondence between classes of ideals and classes of forms [7] , a induces a form (r, U, v) of discriminant -D, and has t and U/2 as an integral basis. We choose an equivalent form for F3 : F3 = (r, u(l -0/4 + t, ux).
We now state and prove the following Theorem.
With the above notation,
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Thus, the composition of classes of forms coincides with the group law of the elliptic curve.
Proof. We rewrite the first of Eqs. (5): 00 (¿, + b2)K = A(d\ + dyd2 + d\).
If pic?, and p\(bx + b2), for an odd prime p, then p\d2. This, however, implies that p|(ôj -b2), hence p\bx, and p2|D. Thus, in compounding, m and n are powers of 2 (or are 1). Simple congruences modulo 8 show that dx and d2 (and d3, if it is integral) are even if and only if D = -1 (mod 8) and odd if and only if D = -5 (mod 8).
We now distinguish three cases:
(i) K is even. We know that dx -d2 is even, and that by and b2 are odd. We write ¿>j = Ak + r, b2 = Aj + s, with r, s = + 1 or + 3. Then
Hence r = s, and b" = 2(k + j) + r, which is odd. Thus n = 1.
We now compound the first and second forms, defining b", m, and n as above, and solving dxx + (bx + b2)y¡2 = m for x and y. Then
But a:(6j + i2)/4 = d\ + dxd2 +d\=d2x (mod d2), hence wz = -ATot/2 (mod d2),
The compounded form is thus (dxd2, b¡ -Kdv C), for some integer C. From Eqs. (6), we see that C = d3, so the composition is, remembering bx -Kdy = b2 -Kd2 = b3 -Kd3 = L, ííi^. ¿3 -Kd3, d3) ~ ¿r¿ -br d\) ~ (d3, b3, d\r ».
(Ü) K is odd, andD = -1 (mod 8). From (7), 4|(Z>! + b2), hence ¿>j = -b2 (mod 4). Write bt = Ak + r, and b2 = Aj + r + 2. Then K = (A(k -j) -2)/(dl -d2), which implies that exactly one of dl/2 and d2/2 is odd. We assume, without loss of generality, that dt/2 is odd. Then m = n = 2. We solve for x, y, and z as before, and find that z = -K (mod d2/2). The compounded form is then (dxd2/A, by -Kdx, t) where we again use (6) Using Scholz's theorem [8] , we can deduce the 3-rank of the real fields Q(y/3D) from that of the complex fields Q(y/-D). However, in all of the eight discriminants found the 3-rank of the corresponding real field is, by the theorem, only two.
The major question which we have not been able to answer has already been raised: Why should one 3-cycle of solutions to 2K = u2 + 3v2 yield integer coefficients (2;, and one 3-cycle not do so? We have noted further that when four 3-cycles exist, as for K = 728, only one of these yields integer values a¡.
The fact that quartic polynomials represent discriminants of complex quadratic fields only finitely many times is a limiting condition on the method we have developed. We considered cubic and sextic polynomials first, as they do not have this property. If, in (2), one lets the S¡ and C¡ be linear, one finds easily that there are no solutions with rational integer coefficients. We were successful in solving (2) with the S¡ and C¡ monic cubic and quadratic polynomials, respectively, so that A(x) has leading term -3x6. However, A(x) was inherently not squarefree except in rare instances. For this reason we concentrated our attention on the quartic polynomials of Section 1.
Appendix A. The basic method of computation of the class numbers and class groups was suggested by Atkin, who used it to compute some tables of his own. The method of computing the class group was published by Shanks in [9] . The program was written entirely in FORTRAN, and was run in segments, each segment computing the class numbers, groups, and statistics for a block of discriminants of length 200000, even and odd discriminants comprising different segments. (Thus, one such segment contained the odd discriminants -D, 600000 <D< 800000.) An array of length 50000, CLANO, was used to store the needed information on the discriminants, CLANO(A/) corresponding to D = D(N) = AN + i + S, where S is the appropriate multiple of 200000 for the program segment being computed, and i is 0 or -1, depending on the parity of the discriminants in that segment.
The discriminants were first factorized, adding 10000 to CLANO for each prime factor, and adding -1000000 if a factor appeared twice. This allowed an easy separation of the fundamental from the nonfundamental discriminants, as neither the number of factors nor the class number would be large enough to make the entry of CLANO positive later. Also, since the actual class number is only about y/D, the number of genera could be computed from the number of factors of D by using FORTRAN arithmetic to separate the digits of CLANO from one another.
The class numbers for all discriminants in a segment were computed together by executing a triple loop on the coefficients b, a, and c (from the outermost to the innermost loop) of the binary quadratic form (a, b, c) and then incrementing the counter CLANO(/V) for the appropriate -D(N) = b2 -Aac. That is, instead of fixing a value for D and then computing the reduced forms for that D, we computed all reduced forms with discriminants in the range of the segment and kept a count for each D.
Some care was taken to optimize these loops and remove all unnecessary multiplication; D was computed each time by adding to the previous D, rather than by direct computation.
The primary list of discriminants, number of genera, and number of forms per genus was now computed and printed, and a secondary list of "possibly noncyclic" groups was extracted. (In what follows, we describe the computation for an odd p-Sylow subgroup; the suitable changes for the case p = 2 are easy, but the description in words is cumbersome.) A group was "possibly noncyclic" in the p-Sylow subgroup if p2\h, where h is the order of the group (the class number). Each group in the list of possibles was then tested in the following manner: If h = p'm, (m, p) = 1, one chooses "at random" (to be described in the next paragraph) up to eleven forms of the group and computes the hp1 ~'th power of each. Should any of these not be the identity, the group is cyclic, and we proceed to the next discriminant. If that power of each of the eleven forms in the identity, the group is assumed to be noncyclic, and an actual computation of the p-Sylow subgroup is made, under the assumption that the group is noncyclic.
We now describe the "random" method for obtaining forms of a given discriminant: If, for a given -D, there is an a such that -D is a quadratic residue modulo a, then there exists a form of discriminant -D and leading coefficient a. We checked through the odd primes under 1000, in increasing order, to find one for which -D was a residue. Taking this prime for the coefficient a, we searched for the smallest b such that b2 = -D (mod a), obtaining a form (a, b, c), which we then reduced. A reasonably thorough testing of this method and a continued use of it have not revealed any obvious patterns in the forms produced, so we have assumed that it was sufficiently random for our purposes.
Appendix B. The smallest D for which the class group of Q(y/^D) is noncyclic in the p-Sylow subgroup are listed in Table 1 , even and odd discriminants being listed where known. No even discriminants with a noncyclic 17-Sylow subgroup were found.
We note also that D = 1016083, 1438483, 1663747, 2407267, and 2942227, all (necessarily) prime, have class group exactly C(13) x C(13).
Of interest also are the groups which are noncyclic in more than one Sylow subgroup. There were 418 of these in all. Most of these were C (12) The question of which finite Abelian groups occur as class groups of quadratic fields has been discussed at length in the literature (for example, [15] , [16] , and [17] ).
In Tables 11-13 we list some of the more unusual groups that occurred. Columns A through D are, respectively, the group, the smallest D for which that group occurred, the factorization of D, and the number of occurrences of that group. In Table 11 are listed, for p > 3, the groups which are themselves, or whose principal genera are, p-groups C(pa) x C(pb) with a and b>2. Note the single example of p > 5. In Table 12 are the 2-groups which contain a C(4) x C(A) x C(4) subgroup, that is, the 2-groups whose principal genus has rank 3. There were no groups found with a subgroup C{pa) x C(pb), a and b > 3 and p > 2; we list in Table 13 , however, the class groups whose principal genus contained a subgroup C(2a) x C(2b), a and b > 3. Finally, in Tables 14 and 15 we collect some statistics on the frequency of occurrence of noncyclic groups. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use 11x22  11x22  11x66  11x33  2x22x22  11x22  22x22  11x77  11x33  11x22  11x33  11x33  11x99  22x22  11x132  11x33  11x22  11x66  22x22  11x44  22x22  11x110  11x55  22x22 prime   11x22  22x44  22x22  11x66  11x88  11x66  22x22  11x132  22x22  11x55  11x33  11x44  11x33  22x44  22x22  11x44  22x22  11x22  2x22x22  11x33  22x22  11x22  11x110  11x132  11x297 Table 8 License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
